Signals and Systems I

Lectures 10 &11



Last [ecture

* Trigonometric Fourier Series & Exponential Fourier Series
LTI Systems, Eigen Function of LTI System (e5%)

LTI Systems & Fourier Series

Some Properties of Fourier Series

More Examples

Today
 Fourier Transform

* Fourier Transform Properties



Fourier Series vs Fourier Transform

Fourier series: Periodic signals Fourier transform: More signals (including periodic ones)
zp =Y. Dyelwont z(t) =5 [ X(jw)e’*tdw
D, = TLO Jers xp(t)eIwont dy X (jw) = [T z(t)e I dt
|D,|& £ D, for each n at won | X (jw)|& /X (jw) for all w
~—
freq.

Similar to Fourier Series, Fourier Transform has periodic spirals in form of e/“?
and they are being amplified with | X (jw)| and rotated with /(X (jw)



Fourier Series vs Fourier Transform

Fourier series: Periodic signals Fourier transform: More signals (including periodic ones)
T, =Y. Dyelwont z(t) = 5= [ X(jw)e'*tdw
D, = TLO Ty z, (t)eIwontdy X(jw) = ffooo x(t)e I@tdt
|D,,|& £ D, for each n at won | X (jw)|& /X (jw) for all w
~—
freq.

Similar to Fourier Series, Fourier Transform has periodic spirals in form of e/“?
and they are being amplified with | X (jw)| and rotated with /(X (jw)

What is the difference between the following FTs:

X(jw) 6X (o) X(jw)
1 21
a) (IJ
—TT E _Tl T1
3 3 OO



Fourier Transform

Example: Find and plot Fourier transform of the following signal:

x(t)




Fourier Transform

Example: Find and plot Fourier transform of the following signal:

x(t)

—T; T,
Answer:

X(jw) = /OO z(t)e It

— o0

o .
= / 1 x e ¥t

—Ty
ejWTl _ e—jWTl

— =
_ 2sin(wlh)

= — Since Structure
w

*Pulse in time is always a sinc in frequnecy ™



Fourier Transform

Find and plot Fourier transform for the following signal:

x(t)
1
t
-T, T,
Answer:
(X) .
X(jw) :/ x(t)e Itdt
— o0
Ty .
= / l.e 7%t q¢ -
-y ! N .
ejWTl B e_j“JTl X(jw) = 2T;sinc(wTy)
s - w
]w _TLI Tll
~ 2sin(wTy)  2Tysin(wTh)
N W B wTi

* . . . . . *
PUZSG mn tzme 15 always a sinc n flrequnecy @oee Soosan Beheshti, Ryerson University



Fourier Transform

Example: Find and plot Fourier transform of the following signal:

8
/N

(o
—

1

e "u(t), a>0



Fourier Transform

Example: Find and plot Fourier transform of the following signal:

z(t) = e “u(t), a>0

z(t)e Itdt

e—ate—jwtdt

/
_ / T ety (et
J

e—t(a+jw) S

—(a + jw) 0

e—oo(a+jw) 1

= — — , since a > 0, lim e~
—(a+jw) —(a+jw) t—o0

; / . . . . .
“ — 0 and ’“* doesn’t have a limit, it rotates on a unit circle,

le?@t| =1 for all t even as t — —00

1
-0 —
—(a+jw)

1

a+ jw ODSG



Fourier Transform

Example: Find and plot Fourier transform of the following signal:

z(t) = e “u(t), a>0

o0 . : 1 : .
X (jw) = x(t)e It dt | X (Jw)| = > | X (Jw)| = | X (—jw)
2 2
o w* + a
= / e “u(t)e Iwtdt 1 w
- (jw) ot a (jw + a) an™"(—)
= / e~ e I¥tdt
0
e—t(a+jw) S
—(a + jw) 0
-0 — 1
- —(a+jw)
. 1
a+ jw



Fourier Transform

Example: Find and plot Fourier transform of the following signal:

z(t) = e “u(t), a>0

. 1 . .
o . [ X (jw)| = e A X(jw)| = X (—jw)|
X(jw) = / x(t)e 7<dt
o )
(e’e) w
- _j /X (jw) = / = —/(j = —tan (=
_ / e~ u(t)e It dt (Jw) o (Jw+ a) tan (a)
o | X(jw)| even
= / e e Iwt ¢ I
0 /\\/%N
e—t(a—|—jw) S
= : a w For a real signal in time,
—(a+jw) 0 the absolute value of FT is even
1 and the phase is odd
=0-— . 2X(jw) odd P '
—(a + jw T
1 (a+ jw) L A
e a
a—+ jw w How will this FT change
T -% as the value of a grows?
2 Soosan Beheshti, Ryerson University




Fourier Transform

Example: Find and plot Fourier transform of the following signal:

_ /\ _&{_ —
*/E<t) =€ 2atu<t)7 a >0 _at ¢ () x(t) =€ atu(t>> a>0
g ulh
X Gl 2 X Gl
2a ) = \/1%
24/2a
J ) /\ w
2a a
i “XGw) : 2X(jo)
2a ’ a
T = ‘ w . w
- Sl = e T—

@ 0 e e Soosan Beheshti, Ryerson University



Connection between Fourier Series (in limit) and Fourier Transform

Remember the FS of impulse train:
5T0 (t) - E ,

ory(t) = D 8(t—nTp),  wo=

L Sy
3
[
|
8

1 1

! 51, (t)e M0t dt = / S(t)e Inwot = — —
To TO

e S

—ZTO _TO 0 TO ZTO t
Wo

N |

Dy

What will happen as T; grows to infinity?

@oee Soosan Beheshti, Ryerson University



Connection between Fourier Series (in limit) and Fourier Transform

Remember the FS of impulse train: 1 .
= o o1, (1) = E ?emwot
ot (t) = Z d(t — nTo), wo = 7 1o
n=-—oo 0
1 = 1 1
D, = — S (t —j"wotdt — 5(t —jnwot _ 1
n= g | nloe / (t)e . .

e S

—ZTO _TO 0 TO ZTO t
—2(1)0 —Wy W 2(,()0 Wo
What will happen as T; grows to infinity? .
5(t) — hmTO_mo 5T0 (t)
ot
( '>]\ What is FT of §(¢)?
; — —Jwt
0 Tt A(jw) = [d(t)e % dt

() Soosan Beheshti, Ryerson ‘niversity



Connection between Fourier Series (in limit) and Fourier Transform

Remember the FS of impulse train: 1 .
. (1) = Y e
27 TO
(5T0(t) = Z 5(?5 - TLT()), wo = ?0 n=—oo
1 = 1 1
Dp=— [ bp(t)e7™oldt = / §(t)e It = — —
TO To —_21 T() TO

e S

—2 TO - TO 0 TO 2 TO t

—2(1)0 —Wy W 2(,()0 Wo

What will happen as Tj grows to infinity?

o(t) = limy 00 07, (1)
5(t) A(jw) = [d(t)e tdt =1

T 1

0 T0—>OO t w

A(jw) = limp, 00 To Dy,

@oee Soosan Beheshti, Ryerson University



Fourier Transform of delta

d(t) is built by adding periodic spirals of “all” frequencies!

5(t) = % / A(jw)e?™! du

@oee Soosan Beheshti, Ryerson University



Important Signals Fourier Transforms

x(1)
A 6(t)
t
1
2m
t
cos(wyt)

/

/

\
\/

\
\/

X(jw)
1
§(w)
’ w
o



Important Signals Fourier Transforms
x(t) X(jw)

AA S
\A \/ t A

1 7 IXGwl
e % u(t), a -/a\
W
X(jw)
2X(jw) _ 1
”””””””””””””””””””””””””””””””” jw +a
t
W
x(t)
1 2Ty
X(jw) = 2T;sinc(wTy)
t
W
_Tl Tl _T T
1 T1

@ 0 e e Soosan Beheshti, Ryerson University



Fourier Transform Properties (Linearity)

1. Linearity: -
r1(t) X1 (jw)
73(t) ————— Xa(jw)
axy(t) + bxa(t) LEEENGY ¢ (jw) + bX2(jw)
Example:

z(t) = 0(t) + 2 3tu(t)
X (jw) = FT (8(t)) + FT (2¢ " u(t))
=1+ 2FT (e *u(t))

=142

Jw+3



Fourier Transform Properties (Time Shift)

z1(t) T X1 (jw)

2. Time Shift

za(t) = 21(t — tg) —0 Xa(e/¥ = ¢TI0 X, (jw)

Delay in time by g is a phase shift by wty in Fourier transform domain.
Proof:

Xo(jw) = /00 Ty (t)e It dt

— 0O
(. 7

definition of FT for z2(t)

o0
— / ZE1< t— tg >€_thdt
o N~

change of variable to u

o0
:/ a:l(u)e_jw(“+t°)du, t—ty=u—t=u+ty— du=dt

— 0
o0
ot it
= / z1(u)e e 40 du Note that boundaries of the integral
- - also have to be adjusted. Here:
= ¢ Jwlo / xl(u)e_j“’“du t — oo then u — oo
J—© y similarly
FT of 21 (1) t — —oo then © — —00

so the boundaries stay the same

— e Jwto X (4
¢ 1(Jjw) DOSO



Fourier Transform Properties (Time Shift)

Example:

x,(£) = 8(8) X1(w) =1 1

| t
z1(t) =4(t) = Xi(jw) =1
22(t) =0(t—=5)=z1(t —5) = Xo(jw) = €_j5wX1(jw) _ oW

X (jw)| = e =1
ZXQ(_](,U) = ZX;[(]LU) — 5w =0— 5w

1X2(jw)| = |X1(jw)|

x,(t) = 6(t —5) T
t
| 5
2X,(jw) wrapped phase
T
5~ o
N

@oee Soosan Beheshti, Ryerson Univer.
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Fourier Transform Properties (Time Shift)

Examples: For the given signal x(t) and its related Fourier transform X; (jw) = QSi"T(:)""),

what is FT of xo(¢)?

. x1(t) Xi(w) | ¢

t w
-3 3 A
3 3
x2(t)
1
?
t |

0 6

z1(t) 75 X1 (jw)

21 (t —to) 15 990 X (jw)



Fourier Transform Properties (Time Shift)

25in(3w)

Examples: For the given signal z(¢) and its related Fourier transform X, (jw) = ==,

what is FT of zo(¢)?
.CEQ(t) :xl(t — 3)

Xo(jw) =Xy (jw)e 7" = e (28%(3“’))

[ Xa(jw) = [X1(jw)]
ZXQ(]UJ) = ZX1<]LU) — 3w



Fourier Transform Properties (Time Shift)

Examples: For the given signal x(t) and its related Fourier transform X; (jw) = 2sin(3w)

what is F'T of x5(t)? X(w) |

sz(t) :xl(t — 3)

] ' 2s51m(3 -T ' T
A 3w

[ X2(jw) = [X1(jw)|
LXo(jw) = LXa1(jw) = 3w £X,)
2 || ]

.3 3 | \ |

U_” U T o w + —7‘1 1Ir

3




Fourier Transform Properties (Time Shift)

£2X;(jw)

|

2T

S
O]
TN
=

51

w| S
w|§

@oee Soosan Beheshti, Ryerson University



Fourier Transform Properties (Frequency Shift)

3. Frequency Shift
71 (t) 5 X3 (juw)

(1) =7 T5 Xy (jw) = X1 (j(w — wo))

Use change of variable similar to the time shift proof.

1 [~ _ '
xa(t) = %/ Xs(jw)e?tdw



Fourier Transform Properties (Frequency Shift)

3. Frequency Shift
21 (t) 5 X, (jw)

2o (t) =7 I8 X (jw) = Xi (j(w — wp))

1o
xo(t) = %/ Xo(jw)e?“t dw

1 [ :

:2—/ X1 (jlw—wp))e?dw, w—wy=V sw=V+wy—dV =dw
™ — 00
1 [~ :

- / X, (jV)edVHwoltqy
2T J_ o

. 1 [ .
= el0l X - / X1(V)e?Vtay
™ — 0

= Ity (1)



Fourier Transform Properties (Frequency Shift)

Example:
1 .
n()=5- T Xi(jw) =dw)
1 .
Xo(jw) = X1 (j(w = wn)) = 8(w — wo) = wa(t) = 5=
1 .
X3(jw) = X1 (j(w +w0)) = 6(w +wo) = w3(t) = 59!

Xo(jw) + X3(jw) 5 7 (22(t) + 25(2)) = cos(wot)

cos(wyt)

\ N\ / o
VAAVAR .




Fourier Transform Properties (Frequency Shift)

Example: .
t) = e 3tu(t) — Xq(jw) =
ni(®) = Sult) = X(e) = g
¢ —3t ™ 1
xo(t) = e/2%etu(t) «— Xo(jw)=X1 | jlw— = )| = —
2 ](w - 5) ‘[‘3
wo
x3(t) =e izte 3tu(t)<— X3(jw) = X1 | j(w+ T )| == 17T
2 jlw+35)+3
wO:—%
z4(t) = 22(t) + 23(t) = ¢ Pu(t) (2" +e 72" = e Stu(t) x 2003(%75)

. o

Amplitude Modulation (AM) in time




Fourier Transform Properties (Frequency Shift) X ()|

Example: ) /\

z1(t) = e Put) —  Xi(jw) = -

Jw+3 w
s 1 X i
ra(t) = e ull) —  Xo(jw) = X1 | jlw— =) | = —1 Wbl
2 jlw—3)+3 ‘
<~
wo
W w
es(t) = eI () o Xa(w) = X | ot & )| =
< Jw+3)+3 | sG]
T /\
za(t) = zo(t) + 23(t) = e u(t) (5 +e7E) = e~ %u(t) x QCos(gt)

Amplitude Modulatlon (AM) in time

Mﬁm | %

L~ .

@0 e e Soosan Beheshti, Ryerson University




Fourier Transform Properties (Frequency Shift)

Fourier Transform of causal part of real part of an exponential signal (¢ > 0):

z(t) = et cos(wot )u(t)

x1(t) = e 7u(t) FT(x1(t)) = X1(jw) = !

jw+o

e]wot + e—]wgt

x(t) = 5

Il(t)

FT((t)) = 3(Xa(jw — wo) + X1 (i + wn))

1 1 1 1 1 1
(= + - = (= — + - -
2 j(w—wy)+o  jlwHwy)t+o 2 jwto—jwy Jjw+ o+ jw

_ljw—f—o—jwo—I—jw—%—a—i—jwo_ jw+o
2 (jw + )2 — (jwo)? (jw + 0)? + w?

x1(t) = etu(t)

—

|X1(jw)|
w
|X2(Gw)|
Wy w
. | X5 (jw)|
—d)o w
IX(w)|
—(1):0 (‘;O w

@ 0 @ e Soosan Beheshti, Ryerson University



. i . . z(t) = 5= 79 X (jw)ed¥tdw
Fourier Transform Properties ( Time Scaling) oo

X(jw) = [T z(t)e+'dt

FT

4. Scaling z1(t) — X1 (jw)
FT

xo(t) = x1(at) — X2(jw) =7 as a function of X;(jw)

Use change of variable similar to the previous properties

Xo(jw) = /OO To(t)e It dt

— 00



Fourier Transform Properties (Time Scaling)

t(t) = 5= | X(jw)eltdw

4. Scaling

For a < 0 we have dt =

therefore
t — oo then u - —o0
similarly
t — —oo then u — o0

X(iw) = [ z(te Ivtd
z1(t) “ X1(jw) (jw) = JZo w(t)e ™" dt

xo(t) = x1(at) 7, Xs5(jw) =7 as a function of Xj(jw)

Xo(jw) = /OO xo(t)e It dt

—00
= / zi(at)e ™ ¥tdt, v =at -t = Y . dv=adt
oo a
e owd 1 [ w 1
Ifa>0 = / 5131(1])6_3‘”3—,0 — —/ xl(v)e_ﬂgvdv = —Xl(jf)
dv —0o0 a @ J—oo a a
|a|,If <0 1 /OO < ) _jg,vd 1 X (UJ>
a = r1(v)e ladv = — X (j—
lal J o |al a
So we have [~ dv=— [T ---dv
In general for all a
(o) = X012
w il b
2(J la] 1 ]a

Ifa=-1



Fourier Transform Properties (Scaling)

Example:

In general:

x(t) = e 21
= e 2u(t) + e*u(—t)
21 (t) 21 (—t)

X(jw) = X1(jw) + X1 (—jw)

1 N 1
Cjw+2 —jw+2
2 X2 4

_w2—|—4:w2+4

2a

t)=e 1M 5 X(jw) =
o(t) = e ()= s

x(t)

\

SHES

X(jw)

w

@oee Soosan Beheshti, Ryerson Univers

ity



. . . X(jw)
Fourier Transform Properties (Scaling) — sine(®) .

2
x(t) = rect(t)
Example: 1 —_~/ 1\ A~ -

—2n  2m
t
1 1
2 2
X1 (jw)
2
t t
. x(t) = x <E> = rect(z)
-
e
t
_1 1 \Y/ \ w
x,(t) = x(2t) = rect(2t)
1
t
1 1
4 4

@0 e e Soosan Beheshti, Ryerson University



X(jw)

Fourier Transform Properties (Scaling) = sine(2) .
x(t) = rect(t)
Example: 1 AA@[% "
-2 2n;
t
1 1
~2 2
X1(iw)

1

-
e/\H\ > g;i:i
=) t
-1 1

This is consistent with Heisenberg’s uncertainty principle:
x,(t) = x(2t) = rect(2t) X, ()

2
w
(w)
At X Aw > constant value

1

2
9

Aft ¢ Af%@%

1
4

—_

—41 41 @

=

@0 e e Soosan Beheshti, Ryerson University



Fourier Transform Properties (Duality)

5. Duality R
z1(t) — X4 jw
z2(t) = X1 (jt) — Xa(jw) =7

Xo(jw) :/ To(t)e I¥tdt :/ X1 (jt)e 7@ dt

—o0

Replace w with V'
1 o 1 o
x1(t) = %/Xl(jw)ej Ydw = %/Xl(]V)e]thV
Replace t with w
1 , Ve
x1(w) = %/Xl(jV)eJV av
Replace V with t
21z (—w) = /Xl(jt)e"jt“’dt

2rz(—w) = Xo(jw)



Fourier Transform Properties (Duality) %, Gw) = 27, ST

wTy
x1(t)
) 2T,
p _Tl T1 ‘ - I ’
_ N sin(tT,) T, Ty
x(t) = X1(t) = 21— X;(jw) = 2mx; (-w)
2T, 21
. ) W
Torm o "
T, T,

Check this answer:

1 [ : oM
xo(t) = %/ Xo(jw)e!“ dw = §/T 2mel“t dw
o 7

eIt — =t 2gin(tTh)
gt N t

@oee Soosan Beheshti, Ryerson University



Fourier Transform Properties (Duality)

e XGo)

%5(0 FT 1

‘ t

x,(t) = X(jt) / X, (jw) = 2nx(—w) = 28 (w)

FT }

1

t T w



Fourier Transform Properties (Duality)

x(t)
Example: T 5(t — Tp) FT Periodic Spiral in Frequency domain with freq. Ty
| : t X(jw) = e /@To
To
Periodic Spiral in Time with freq. Tj FT x(-w)
—jTot X,(jw) =2n6(—w — Tp)
Xa(t) = e™/0

Same for shift to other direction:

e/ Tot EL, 276 (w — Tp)



Fourier Transform Properties (Conjugate property)

6. Conjugate Property:
x(t) > X (je)

() T X*(—jw)

Reminder:
Im
|r|lef® = A
/ A=a+jb
0 Re A*=a—jb
—0
r Irle- jo — g+ complex conjugate of a real number is itself!
Example:

z(t) = 7 —  276(w — wp)
¥ (t) = (7)) = eI 5 X*(—jw) = (2m0(—w — wp))* = 276 (—w — wp) = 2w (w + wo)
DOEO,



Conjugate symmetry property for real signals

If z(t) is real: x*(t) = x(t) therefore:
FT(z"(t)) = FT(2(t))
X (—jw) = X (jw)
X (=)l X = |X (e £ XU

For real signals:

1- | X(—jw)| = |X(jw)| Absolute value is an even function
2- —/X(—jw) = /X (jw) Phase is an odd function




Complex Conjugate property for real signals

x(t)

I
t
1
21
t
cos(wqt)
t

X(jw)

w
e % u(t) a>0 1 IXGw)l
/a\

w
X(jw)
X (jw) 1

t T jow+a
w
x(t)
1
X(jw) = 2T;sinc(wTy)
t )
-T, T, .

T T
@D Soosan Beheshti, Ryerson University



. . 2(t) = b [ X(jw)ertdw
Fourier Transform & Convolution —oo

X(jw) = [ x(t)e I+tdt

7. FT & Convolution 21 (8) FT, X, (jw)

zo(t) T Xo(jw)
z3(t) = 21 (1) % 22(t) — Xa(jw) = X1 (jw) X Xo(jw)

Convolution in time = Product in Frequency

Example:

1
t) = e 2tu(t) L5
1 (t) = e "u(t) R

zo(t) = 5(t — 3) 1L eI«
21 (t) * xa(t) = e 2tu(t) * 6(t — 3) = e 2yt — 3) = eSe Hu(t — 3)
FT transform using the product

e —jw3
X % X = X5(j
1(Jw) 2(jw) = w12 3(jw)




Fourier Transform & Convolution

Example:

FT transform using the product

—Jw3

X1 (jw) x Xa(jw) = ~

s X3(jw)

FT transform using the definition

X3(jw) = /OO x3(t)e Iwtdt

— 0

= / eSe tu(t — 3)e I¥tdt

— 00
m -
— 66/ e—Qte—jwtdt
3

o e t@tiw) |

— A -
—(2 + jw) 3
6 6_3(2+‘7w)

—(2+ jw)
—3jw

e
2+ jw




Fourier Transform & Periodic Signals

8. FT & periodic signals . |
xp(t) = ZDneWO"t LN Xp(jw) =FT (Z Dnejwont)

=Y FT (Dpe’*™)

=Y D,FT (™)
To calculate F'T of a periodic signal
first find its F'S and then use this property. = Z D276 (w — won)

X, (jw) = Z D, 276 (w — won)

Dy Xp (w)
2na
a A
b b 2mh 2mh
c I I c 2mc T T 27cC
-3 -1 1 3 n —3w, —wy Wo 3wy, W



Fourier Transform & Periodic Signals

Example:
1 n 1 .
xp(t) - COS( % t) = 5 el3t 4 5 e I3t
wo Dl D_1
Xp(jw) =mo(w — wo )+ mo(w +w
p(] ) ( 0 ) ( O)
w():%

There are two methods to find ft of sin and cos through shift and connection

of periodic signals.
Dy, Xp(jw)

N[ =
—)

—_—
N~

N

T a
N =

‘1#
W[ A —
N

S|
N~



Fourier Transform & Periodic Signals

x(t)

_TO - T1 _TO _TO + Tl

I .
D,, = 2 —=sinc(won T;)
To

—Wp= —— w Z_T[ 2w0
0 TO 0 TO _ 4__7.[
To
T.
] 47‘[T—1
Xp(jw) f 0

_Tl

\ n(wg) as a function of w,

Tl To - T1 TO TO + T1 t

2T
Tlsinc(wonTl)> d(w — nwo)

@oee Soosan Beheshti, Ryerson University



Fourier Transform & Periodic Signals

FT properties Signal FT
z(t) X(jw)
z(t) Z(jw)
Linearity az(t) + bz(t) aX(jw) +bZ(jw)
Time shift x(t — Tp) e~ 7¢To X (jw)
Freq. shift eIwoty(t) X (j(w—wp))
Scaling x(at) ﬁX(]' 2)
Duality X (jt) 2ra(—w)
Complex Conj.  z*(t) X*(—jw) (so for real signals | X (jw| is even and /(X (jw) is odd
Convolution x(t) * z(t) X (jw) X Z(jw)

Periodic signals  z,(t) with D,, coeffs X,(jw) =, Dp2m0(w — won)




