Signals and Systems I

Topic 8



Last Lecture: Fourier Series
Fourier Series
e ¢ jwt
 sin(wt+ 0)
 cos(wt+06)
* Periodic pulse in time — Fourier Series in the form of Sinc

Today
* Trigonometric Fourier Series & Exponential Fourier Series

LTI Systems, Eigen Function of LTI System (e*%)
LTI Systems & Fourier Series

More Examples

Some properties of FS



z(t) = Z D, elwont (Fourier series) <= Synthesis

Fourier Series n==oo

D, ==
To Jr,

x(t)e Iwontdt (Finds D, from z(t)) <= Analysis

Dnejnwot

Componencts of Fourier Series are periodic spirals in form of
el™wot which is a periodic spiral with frequency nwp.

Each spiral is then rotated by angle of D,, and amplified by |D,,|

x1(t) = je Io! To(t) = 2e75 ei2mt x3(t) = —92ei 6Tt

w0:—5, \D_ll:L Z(D_l):% w0:27r, ‘D1|:2, Z(Dl)zg w():%ﬂ', \D1’:2, Z(Dl):ﬂ'



Fourier Series

Associated F'S coefficients: wy = «

Euler Formulas:

1, . 1 g

ei(at+8) | o—i(at+p) cos(at + 3) = 565 edlet) 4 5635 e(=at)
cos(at + ) Nl <~

2 | D D_y

jlat+B) _ —j(at+pB 1 ' 1 ..

sin(at + () ¢ 2; sin(at + B) = j_2€6 eilat) 4 Q_jejﬁ pd(—at)
N—— ——
D1 D_;

— One Spiral = One Coeflicient

— One Sine/Cosine = Two Coeflicients (one positive and one negative:
D1&D_,4
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Trigonometric Fourier Series and Exponential Fourier Series

o0
z(t) = E D, elwont (Exponential Fourier series)
T — 00

x(t) — DO"—Dleijt + D_le—jwot _|_ D2€j2th + D_2e——j2th _|_ Dgejngt + D_ge-ijOt _}_ ..

~”

" N
"

z(t) = ap+ o cos(wot) + by sin(woty +as cos(2wot) + by sin(2wot3 +as cos(3wot) + b sin(3w0t5

.

Ve

Jwot —Jjwot Jjwot _ ,—jwot A
Euler al(e +e )—|~b1(€ ? ) (o
formula 2 R 27 0= 4do Do4D . —a
(74‘2—3-)6 +(7_2_j)€ ) D b Dp—=D_p =
(P T 2 T g
Simple Example:
x(t) = cos(wpt)
Trigonometric FS: apg=0,a1 =1,a0=0,....b, =0, Vn
1 1
Exponential F'S: Dy =0,D, = §,D_1 =3



Exponentials e5* and LTI Systems

AN x() = et T @ = HE e AN
1{¥ number H(S){
t
s—oa <0 H(s) = / e *Th(r)dr



Exponentials e and LTI Systems

\ x(t) = e LTI system - H(s) oSt \
— h(t) =2 -
H(s) {
t oo
s—a <0 H(s) = / e *Th(r)dr
Why?

es(t_T)h(T)dT

/ )

—00
o’

est/
—00

= e** H(5s)

e *Th(r)dr

Reminder of eigenvalue and eigenvector for Matrix A transformation: y = Az
where input is vector x and output is vector y. Eigenvalue is the a v with
eigenvalue A such that \v = Av

est is eigenfunction of LTI systems.

And H(s) is its eigenvalue.




Exponentials e and LTI Systems

LTl system ¢
N e | T e N\
1{¥ () number H(s) {¥
= / e *Th(r)dr

H (jw)e?™!




Periodic Signals and LTT Systems

Consider the case for s = jw (Pure Imaginary)

LTI system
h(t)

x(t) = /0t A H(ja)) ejwt

N—_———
number

H(jw) = /e—jWTh(T)dT

This property can be used to find the output of LTI systems to periodic inputs.
If 2(t) is periodic: z(t) =>.>. D,el«on

x(t) = YDpei@ot LTlhs(ﬁtem ey =2 = ZDnem’”‘t) « hit)
= Z D, (790™ x h(t))
Convolution is transformed to o
”product of eigenvalues and Fourier Series Coefficients!” =" D, H(jwn) e
———

~ % Coeff. of output
‘



Periodic Signals and LTT Systems

x(t) = ZDnejwot

D,

LTI system
h(t)

=yt =) DaH(jwon) e

—00
Coeff. of output

H(jwon) = /e_jwonTh(T)dT

4

It is faster to find the Convolution results using H (jwon)s and Fourier Series

Coeflicients



Periodic Signals and LTT Systems

Output is also periodic with coefficients D,, H (jwon). *(®) "o y©
To Find output of an LTI system to a periodic input x(t):
1- Find D,, coefficients of Fourier series of z(t).
x(t) = Z D, elwont

2- For wp, 2w, 3wo, ..., nwo (where wy is the fundamental freq. of z(¢)) find
H (jwon):

> .

H (jwon) :/ e JYONTh(T)dT
— 0

3- Coeflicients of y(t) (output of the system to z(t)) are D, H(jwon) and the
output is as follows:

y(t) = ) DnH (jwon)e’™

Output of LTI system to periodic signal has the same period



Periodic Signals and LTT Systems

Example: Find the output of the following LTI system to x(t) = sin(mt) ?

h(t)

x(t) = sin(7wt) — (D)




Periodic Signals and LTT Systems

Example: Find the output of the following LTI system to x(t) = sin(mt) ?

h(t)

x(t) = sin(7wt) — (D)

To Find output of an LTI system to a periodic input x(t):

1- Find D,, coefficients of Fourier series of ().

x(t) = Z D,,e?*ont

2- For wop, 2w, 3wo, ..., nwo (where wp is the fundamental freq. of x(¢)) find
H(jwon): -
H (jwon) :/ eI h(T)dT

3- Coeflicients of y(t) (output of the system to x(t)) are D, H(jwon) and the
output is as follows:

y(t) = > DpH(jwon)e/""™ SO



Periodic Signals and LTT Systems

1- x(t) is periodic (wy = )

r(t) = sin(nt) = —

2- Since only D{ & D”, are non-zero, we have to find H(jwo) & H(—jwy):

Hijia) = Hi) = |

e—jTl'T

1

2)
~~
DY

o0

—0o0

. 1.
ejﬂ’t_ ¢ gmt

2]
~~
DT,

e " h(r)dr

1

1 .
[ e
0

1—e 7™
—JT 0 Jm
1 JTT
Jo €77 1dT
edT—1 _ -2
Jm Jm

x(t) =sin(mt) — .

h(®)

— y(®)




Periodic Signals and LTT Systems

h(t)
x(t) = sin(7wt) ! ()
1
1- z(t) is periodic (wp = 7)
I . 1 '
2(t) = sin(rt) = — ™ -~ — I
27 2]
~ =~ 3- Coeflicients of y(t) are:
D? D,
v 12 -1
2- Since only DY & D”, are non-zero, we have to find H(jwy) & H(—juwo): DY = DY.H(jm) = 2 gr =«
-1 =2 —1
> DY, = D%, H(—jm) = : =
H{(jwo) = H(jm) = / ¢~ITTh(r)dr S = PR AT = 5p e =
- |
- [ferriar
0
St e ) = 3 D, ()
i Mty e _ Doty Dy e
—1, ,
. - _ (ejﬂ't _|_ e—jﬂ't)
. N 7.(_
H(—jm) = [, e ldr 9
4 ) = —-cos(7t)
_ -1 _ =2 ™
- gm o gm

Output of LTI system to periodic signal has the same period



Periodic Signals and LTT Systems

Example: Find Fourier series of x(t) and use it to find y(t) = x(t) * h(t) where h(t) =
u(t+1) —u(t — 1). Solve for when 77 = 2 and Ty = 4.

1 h(®)
-1 1
2 x(t)
~T, -T, }y § To—Ty
T / T % / T, To+Th g ¢
2




Periodic Signals and LTT Systems

Example: Find Fourier series of x(t) and use it to find y(t) = x(t) * h(t) where h(t) =
u(t+1) —u(t — 1). Solve for when 77 = 2 and Ty = 4.

1] h(®)

To Find output of an LTT system to a periodic input x(¢): -T,

1- Find D,, coefficients of Fourier series of z(t).

2(t) = Y Dyeieot

2- For wy, 2w, 3wg, ..., nwo (where wy is the fundamental freq. of z(¢)) find
H(jwon):

H(jwon) = / eI (Y dr
—00

3- Coefficients of y(t) (output of the system to z(t)) are D, H(jwon) and the
output is as follows:
y(t) =) DuH (juon)e’ ™



Periodic Signals and LTT Systems

_T0

D, = —/ z(t)e Iwontqy
TO <To>

x(t)
: t+1,
s / ~h / To=T
/ Ty —Ty +T, =Ty / T T / T, Dt+h .



Periodic Signals and LTT Systems

x(t)

First find D,, s for z(¢):

To— T
1 . 2 o~ 11
Dn — F/ :E(t)e_]wontdt7 wo = ?ﬂ- % | i >
0 J<To> 0 3 Ty =T, +‘T1 =T, E / T To+ Ty
1 "T1 ; " 1 T ; ¢ 1 T ; ¢ 2 2
D, = — / t+ e wontaqt = — te~dwontgr 4 — / e Iwont gt
" To J-m, ( ) To J_my To J -1,
1) (2
(2): Calculation of integral in (2) for n # 0 :
T
1 1 . ' 1 : . 2
= e Jwont = —— (eJwonTr _ g—jwonTiy — sin(wonly) = «
To —ngn -7 ijnTQ ( ) wonTO ( 0 1) "
Calculation of integral in (2) for n = 0 Now we can write:
1 T 2T T J T T J
— _ 1 1 o jfjw()nt 1 D! 371w071(t
T /_ ldt = 7= = ao = te—iwontqy — ¢ S| / C 1 at
0 -7 Jwon | _p, —7, Jwon Y
(1): In this step we use integration by part ) - o
_ 1 (Tle JwonTy + Tle]wgnTl n e—]wont 1 )
d b d d = - —iwon)?
/ dlw) 4y / Ut +/ U—dt S uv|t = / df +/ u“ Ty Juwon (=jwon)?|_r,
. dt Ja “at Ja
1 . 2sin(wonTy)
) ) o = Cos(wonTl) +i—s 55—
Consider the following substitutions: To wyn
. 2sin(wonTh)
_ du __ = cos(wonTh Bl IIN Towo = 2
{ L=t — G 1 J <2ﬂ'n (wonT) + Towgnz oo T
1 _ e—dwont .
% =e€ Jewont U= 7jqu - .]B'n,

Dy = an + jBn



Periodic Signals and LTT Systems

For Ty = 2 and Ty = 4 =2
To = 4, Wy = 7
2
a, = sin(wonTh) 4 =20 S t
wgnTo
2 oy
= ——sin (—.2.n>
2{m 2 For n # 0
= —sin(nm) ;
nm 2T, 2sin(wondy)
L= (==L T , Towo =2
) {1 . 5 (Qﬂncos(won 1) + Towen? owo = 27
= : 1 /2.2 —1)"
0 otherwise _ - <7r—c05(7m) = 23m(7m)> — 2( )
4\ 5n win ™
For n =0
1 2
BQ - —/ tdt - 0
4J 2
sin(mn) =0 1 0
s(mn) = (—1)" =
costmn) = (=) Dy =9 jayy
15— n#0



Periodic Signals and LTT Systems

|Dn

LD, =

ERRS

-_r
2

1
1
N—O,:llr—\

Reminder:

If D, =«a, + 358, then:

IDn| —V O‘12~L +57%

/D, =tan~! &

Qnp

n=2>0

(
(

n > 0, n =even) and (n < 0, n =odd)
n > 0, n =odd) and (n < 0, n =even)

/D,
e
21
,,,,,,,,,,,,,,,,, l—ljlzn
2




Periodic Signals and LTT Systems

Passing x(t) through LTI system with given A(t).

L) R
x(t) = ZDpe/ @™t — > y(®) = XD, H(jwen)el ont
-1 1
To Find output of an LTI system to a periodic input z(t):
1 n =20
1- Find D,, coeflicients of Fourier series of z(t). Dy = {j2(1)” n 0
x(t) = Z D,,elwont
2- For wg, 2wp, 3w, ..., nwy (where wg is the fundamental freq. of z(t)) find

H (jwon):
H(jwon) = / e N () dr

3- Coefficients of y(t) (output of the system to z(t)) are D, H (jwon) and the
output is as follows:

y(t) = Dy H(jwon)e’o



Periodic Signals and LTT Systems

Passing x(t) through LTI system with given A(t).

h(t)

x(£) = EDyeseomt

> y(®) = XD, H(jwen)el ont

For the given signal wy = 3

0 1
H(En) = / h(t)eTEmtdt = / le~i%ntgy

2 —00 -1
e—j%nt 1 e—j%n _ ej%n
p— g p— g
Il —Jan
2sin(5n) _
= ———— < Sinc Structure
™n

2

s

251 :
4 = 322G

57’1,
9 . .
— 2€jwo.0.t n Z 28271(571) 2J<_1>n pJwont
n=—oo, n#0 %n T

n=~0

1
Dn = {j2<1>“ n#0



Periodic Signals

Example: Find Fourier series of the following signal:

To=m
x(t) 27
Wy =77 =
T,
sin(t) 0
—2m - 0 s 21 3 t




Periodic Signals

Example: Find Fourier series of the following signal:

To=m
x(t) 21T
a)o = —=
T,
sin(t) 0
-27 -7 0 T 27 3r t
1 —jwont 1 " . —J72nt
D, = — ZB(t)e JWOntdt = — Sln(t)e TNt Reminder:
0 J<To> T Jo T — 1
_ l /W (iejt B ie—jt)e—antdt ejn(1—2n) — ejwe—j2n7r ——1x%x1
_1 /W L ga—onyg L /W L —iasenyy
™ Jo 2] ™ Jo 2]
11 ej(1—2n)t T 11 e—j(l—f—Qn)t T 1 ejﬂ'(l—Zn) 1 1 e—j7r(1+2n) 1
T r2jj(1-2n)|, w2i—j(1+2n)|, =« [2(—1)(1 —2n)  2(-1)(1— 2n)] T [ 2(142n)  2(1+2n)
2 1 2 1
— + _
ml—2n w14 2n Plot 1D 4 /(D
C2(1+2n)+2(1—2n) 2 ot |Dn| and £(Dn)
B 2m(1 — 4n?2) (1 —4n?)

SO0



Periodic Signals

2
D,=————— D
" on(l - 4n?) "
2 1
® —
T m
—2 —71 1 2
l l n
—2 —2
157 -2 2 157
31 31
Note that this phase is still 4Dy
an odd function of n (e/™ = e/ 7)
-2 —1 1 2
L J
Lo | L
—7

@0 e e Soosan Beheshti, Ryerson University



Periodic Signals

Example: Find the Fourier series of the following signal:

x(t)

=27

1 )
D, = —/ x(t)e 7wt dt
To <Tp>

3w



Periodic Signals

Example: Find the Fourier series of the following signal:

x(t)
21
W = ? =2
TO =T
—2711 _é 0 n 3n 3n t
2 2 )
1 . 1 [2 .
D, = —/ r(t)e /9o dt = —/ e tem I gy
1o J<1o> )=
_ L7 ey gy 1 —(G2n+1)3 _ (52n+1)3
= (& dt = e e
m ) “r(2nj+ 1)

2

1
—7m(2nj + 1) €

—-jn7re-§ . ejnﬂ'e%]

= (1) E (1))
—m(2nj + 1) What are |D,|s and Z(D,,)?
1 s i
— 1" (e2 —e 2
m(2nj + 1)< )" (e e )



Periodic Signals

Example: Find the Fourier series of the following signal:

x(t)
2T
a)0=?=2
T0=7T
2 2 2
1 n %—6_% — 1 —1\" 6%—6_%
\Dn\:\m(—l) (e )| £(Dn) Z(W(an+1)( D" ( )

! n| (3 — =3 o 1y e _ ¥
= I Il (T e ) = L)+ D)+ (e =)
) | 1 (eF = o) — /1= /(20 1) + Z(=1)") 40

v/ (2nm)? 4 72 ~_Jo—tan"'(2n)+0  n even
|o—tan"'(2n)+7  n odd



Periodic Signals

Example: Find FS of impulse train

A

Ty 2T

Dy,

1
=T

/ x(t)eIwomtdt
<Tp>



Periodic Signals

Example: Find FS of impulse train

A

. . 1 To/2 ) 0 1
x(t)e 7o dt = —/ O(t)e 7¥omdt = —
(®) To J -1y 2 () 1o

Important signal in sampling




Periodic Input Delay, and LTI Systems

Find the fourier series of the following signal which is shifted version of the
previous example by %

x(t)
21
_(t_E) = — = 2
; e 4 i | Wo -
To=m
5171 _Too 3n n t
4 4 4 4




Periodic Input Delay, and LTI Systems

1 : 1
D, = —/ :L’(t)e_wontdt = —/
To J<1y> TJ=

»‘;"

4

_er [ o—t(2n+1) gy 1 o—(G2n+1)t
T J=x —7(j2n + 1)
6% . 37 — 37 . s s
= e_jzn'TeT 6]277, 464)
—r(2n+1) (
_ ! (2T — e Teh)
—r(j2n+ 1)
jzn — T s T
— 1 e‘i (6_‘72” %67 eJQn Ze?)
—7(j2n+ 1) el2™
1 1 S
= — e /™e2 — e””eﬁ)
—m(j2n + 1) ef32n (
— e i : ! (e_j””e%ﬂ — ej””e%>
—m(j2n + 1)

~
FS. of previous example

e~ (t=F)e=i2nt gy

3
4

In case of delay the following is mostly useful:

. . .a+b a—b . —(a—>b)
eja—|—ejb:ejT(eJaT + e’ a2 )

S 2 cos(452)

If x(t)
then x(t — tp)

Fourier series

Fourier series

Dn e—jwoton




Some Properties of FS
Time Shift

.’L‘(t) Fourier series Dn

Fourier series g
ot —ty) —ZEETE, D,.eIwoton

6nearity: If z(t) and y(t) have same fundamental Freqgs. \

Fourier series T
—>
x(t) Dy

Fourier series DY

y(t) ———— Dj

Scalar Multiplication
Fourier series
%
Fourier series
—)

A:L'(t) + By(t) Fourier series AD;UL + BD%

N

Product in time (convolution in Freq) \
If 2(t) and y(¢) have same fundamental Fregs.

ZL’(t) Fourier series be
y(t) Fourier series Dy

K ZL’(t)y(t) Fourier series Dﬁ " Dg /

\

/

D,
AD,,
/
Time Reversal
$(t) Fourier series Dn
.’,E(—t) Fourier series D—n
\
Conjugation in time
x(t) Fourier series Dn
* (t) Fourier series D*_n
Since (e?)* = =79

SO0

Soosan Beheshti, Ryerson University



Some Properties of FS

Time Scaling (a > 0)

() Souer series, -y Only fundamental freq. is changed from wgy to awyg

Fourier series
a(at) Fourier series -y

oo
x(t) = Z D,,elwont

n—=——oo

x(at) = Z D,,el(awo)nt

n=—oo

Fundamental freq is wyq

Fundamental freq is awg for a > 0)

For a < 0 the fundamental frequency is
|a|wp and the D, s are therefore D_,s



Time Scaling

Time Scaling and FS
p(t) fowderseries - Fundamental freq is wo
Lourier series,  p,,  Fundamental freq is aw

x(at)
(1) |
= (1/2)

ALE N B NIEEES LT L

T, 2T, t
Ty, 2Tp t
1 1 [To/? 1
D,, = —/ z(t)e 7omdt = — §(t)e 7om0dt =
Ty <To> () T —Tp/2 <) 0
Dy
1
To
————————————————————————————— II' T
[ ] [ ] [ ] [ ] o [ ]
-2 -1 1 2 n
wo 2wq W

@0 e e Soosan Beheshti, Ryerson University



Time Scaling

Time Scaling and FS

Fundamental freq is wy

a:(t) Fourier series Dn
z(at) 22uterseries, p - Fundamental freq is aw
A[L‘(t) _ 3
wylt) = 2(t/2)
\ 0(t/2) = 26(¢)
[ ] ® [ ] T I T ° ° ° T
: - > hd ¢ o T ‘ I [} ® )
To 2Ty t |
T, 2T, Tt
1 , 1 [Tor? 1
D, = — z(t)e I0oMdt = — S(t)e Iwon0dt = — 1 s 1 [T im0 1
T Ty J_ T - Ne—Jwont gy T 5 Jwon0 gy —
0/<To> 0J-1,/2 0 D, 2Ty oo x(t)e dt o7 —T02 (t)e t T
D, D,
€ 1
fffffffffffffffffffffffffffffffffffffffffff g g I B
e o o I I T o o o . o I I I T . o o
wo 2wy Y W wy *w
2
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Using Finite Number of Coefficients (Gibbs Phenomenon)

t”@ Conganl a5 m Cha
[\v x(i I/ \ V\ng

. ~
-To—T; —To “To+ Ty \/_Tl 0 Tl\J To—T To To+Ty t

x(t) = Z D,,elwont

n=-—o00 Windowing D,,s in frequency domain is equivalent to
convolving with a sinc function in the
Z Dnejwont time domain that results in the Gibbs Phenomenon.
n=—m

@oee Soosan Beheshti, Ryerson University



