Signal and Systems I

Lecture 7



Last Lecture

* LTI System (Stability test & Causality test)
* Convolution Properties
* LTI System interconnections

Today

 Fourier Series



Fourier Series

x(t): periodic signal with fundamental period T}

(Fundamental freq. wy = %—Z ) can be written as sum of periodic spirals:
oo
x(t) = Z D, e?wont (Fourier series) <—= Synthesis
n=-—0oo

1 .
D, = —/ x(t)e w0 dt (Inverise F'S, Finds D,, from x(t)) <= Analysis

D,, in the above equation is countable.

Dy is the signal bias (Direct Current (DC')) of x(t).

D, = |D,|e?“Pn

|D,,|, absolute value of D,,, shows the amplitude of the periodic spiral e/«ont

LD, angle of D,,, is the amount of rotation of the spiral.
DO,



Fourier Series

Fourier Series are built with spirals. But only with periodic spirals to synthesis
periodic signals.

z(t) =e%, s= -2+ jm,a=—2%#0, since « is non-zero, this function is not
periodic! and therefore has no Fourier series.
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xz(t) = Z D, el@ont (Fourier series) <= Synthesis

Fourier Series n==oo

1
D,=—
Ty . To

x(t)e 7ot dt (Finds D,, from z(t)) <= Analysis
x1(t) = 27t

xl(t) - CUl(t + To)

ej27rt _ ej27r(t—l—1) _ ej27rt ej27‘r — TO —1
~
1
This signal is periodic. . .
In this example z(t) = 1e/“** =D,/ D, =1
S—— SN——

Fourier series n=1

2o(t) = jel*mt

5132(?5) = xz(t -+ T())
gemt s g2m(t+1) _ s oj2wt 52w T, — 1
je je je el =T
1
This signal is periodic. | .
In this example x(t) = je”“’ot = D, ejwolt, D=3 |D.| =1, £(Dy) = =

Fourier series n=1 COS



1
2

Fourier Series

— — G2 — 2T j2m 27
—€ :...+D_2€ J 32t+D_1€ ‘731t+D0+D1€J31t+D2€J32t—|—...

Example: Can we have Fourier series for z(t) = %e‘j%ﬂt?
Answer: first check if this function is periodic:

z(t) =x(t + Tp)

Lo—ize - L iz am)

— —J
— —e¢ 3
2 2
» 27T + 27T + 27T
e I3t — oI5t o5 1o

If we choose e 7310 = 1 — Ty = 3 (signals in form of e/“o! are periodic
with fundamental period wy).

z(t) = ZDnejwont = ZDnej%ﬂ"t

i

D_,



z(t) = Z D, edeomt (Fourier series) <= Synthesis

Fourier Series e

1
Dn

Dnejnwot

Componencts of Fourier Series are periodic spirals in form of
e/™wol which is a periodic spiral with frequency nwy.

Each spiral is then rotated by angle of D,, and amplified by |D,|

1(t) = je 7 To(t) = 275 eI27

wo= =5 |D_1|=1, L(D-1)=5 wo=2m, |Di|=2, L(D1)=1%

=7 / x(t)e Iwontqt (Finds D,, from z(t)) <= Analysis
0 JT,




Fourier Series

Example:

What is the Fourier series for x(t) = 2sin(2t)?
Answer: First find Ty and wg

x(t) = z(t + To)
2sin(2t) = 2sin(2t + 2Ty)

2TQ =27
T() =T
27 :
1o N ) ) = Other coefficients are all zero

x(t) = Z D, efwont — Z D, ei2nt
= ...+ D_3e7*? 4+ D_1e77*" + Do+ Dye*" + Dye?*?" + ..

j2t _ ,—2jt 1. 1
2s5in(2t) = 2 (e .8 ) — eI 4 Z 2t
2j J J




Fourier Series

Euler Formulas:

i (at+8) 4 p—ilat+p)

cos(at + () = 5

i(at+8) _ g—j(at+p)

sin(at + 3) =

23

— One Spiral = One Coeflicient

Associated F'S coefficients: wy = «

1 , | P
cos(at 4+ ) = =P el(@) 4 §€Jﬁ pd(—at)

2

—~— ——

D, D_,
_ U s an . =L i
sin(at + B) = —e eilat) 1 __—eiB gi(—at)

2 2]

—— N——

D, D_,

— One Sine/Cosine = Two Coefficients (one positive and one negative:

D1&D_4
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Fourier Series

. . z(t) = D, el®wont (Fourier series) <= Synthesis
Fourier transform of e/t : :Z_oo
1 .
D, = — / x(t)e Iwontdt (Finds D, from z(t)) <= Analysis
T To

&% o =2 = wy
elwot = Dyelwolt — pn =1, Dy = 1, all other D,;s are zero.

Fourier Transform of cos(at + ) :

2’ 2 2
1 1
256‘726]2t+§€ 17 eI
— Eejﬂ ejwot+1€ JB o—ijwot
2 2
—— ——
D1 D—l



o0

Fourier Series x(t) = Z D, elwont (Fourier series) <= Synthesis

How to plot D;s: D, = Ti/ x(t)e Iwontt (Finds D, from z(t)) <= Analysis
D = D] 4D v
‘lej%‘ L e T
2 2 2 2 -~ 1 .= . |
Lowsol s T cos(2t + ) = =eI efot 4 =% eIl
2 2 2 2 2" 2 2
D, D_;
. 1D, .
‘ 2 [ 2
-2 -1 0 1 2 n
—2w, —wy 0 Wo 209  w (Freq.)
2
-1 / D,, is shown in radian/second
-2 0 1 2 n
-1
2
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Fourier Series

Fourier series of sin(at) :

sz’n(gt) =3 (51 3 e I(5Y) wo :%
~— N~
Dl D—l
1 1 1 .=
Di|=|—~|=% (Di=t=t-=/=x2=yT —/j=""
27 2 27 J J J JXJ 2
—1 1 —1 —1 —j
Dy|=|==|== /D =t—=s1—xL=yv L ;-2
27 2 J J o J J X J 2
1 |Da 1 T 2D,
IE P 2[
1
—2 —1 0 1 2 n —2 -1 0 l 2 n
—2w —Wy 0 Wo 200 w __T[
(Freq.) 2
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Fourier Series

Example: Fourier series of x(t) is as follows. Find z(t). (wg = 2)

1 |Dn| 1 z(t) = i D, elwont (Fourier series) <= Synthesis
1 —jwont : - . '
{ [ D, = T /TO x(t)e dt (Finds D, from z(t)) <= Analysis

-2 -1 0 1 2 n

- 4Dy,

2

1
—2 -1 0 2 n
[
2
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Fourier Series

Example: Fourier series of x(t) is as follows. Find z(t). (wg = 2)

-2 -1 0 1 2.7 n>
T +
kaz Z) 6)
[ 4Dy, — + _
2
1
-2 -1 0 2
—T1T

: (S5

00
t): Z Dnejwont

n=—oo

'(?-\-JY? D_,e 7% 4 D, ei?
(= 1ei5e 72 4 107752

— je—j2t ___jeth

pI2t _ o—j2t

= : = 25sin(2t)

J

[
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Fourier Series

Example: Find z(t) from its Fourier series coefficients.

2 | Dy | 2
1 ) 1
I P
-3 -2 -1 0 1 3 n
T 2D,
2 A
7
4 ] \
-3 -2 l 0 1 n
—T1T
* i
2
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Fourier Series

Example: Find z(t) from its Fourier series coefficients.

2 |Dnl 2
1 ) 1
| ]
-3 ~2 ~1 0| 1 2 3 n
T 2D,
2 s
4
-1 I 3
-3 -2 0 1 2 n
Answer: _Tn -
T ——
2 cos(wot + F) + 4 cos(3wot — 5) +4 2
4Sin?gw0t)

Note: Unlike the previous example wy is not provided in this example, So x(t)
is provided as a function of wy.
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Fourier Series

Example: Find Fourier series of the following signal z(t) = sin(2t) 4 cos(Zt).

(Note: Since the function has only sin and cos function, Euler formula is used.)

First check if the signal is periodic!



Fourier Series

Example: Find Fourier series of the following signal x(t) = sz'n(%”t) + cos(£t).

(Note: Since the function has only sin and cos function, Euler formula is used.)

Solution: The first step is to find the period of this signal.

Fundamental Freq of sin(3t): wo = 3F

Fundamental Freq of cos(£1): wo = %
Adding two periodic signal does not always result in a periodic signal. So we
need to first check if x(¢) is periodic or not.

x(t + Tp) = x(t)

sin (2%(75 + Tg)> + cos (g(t + To)) = Sin(%rt) + cos(%t)

{%”(t +Tp) = 2t + 21k, {2—7TT0 = 2k, {%’TTO = 2k, {To = 3k
= = =

%(t + To) == %t + 271']{32 %To = 27'(]{32 T() = 10]{2

To: Smallest multiple of 3 & 10. (Lowest common multiple (LCM) of 3 & 10)
To=3x10=30= wy = 2



Fourier Series

Now write the Euler formula for x(%):

2(t) = sin(%”t) +cos(2t)

N 2 + 2
p 2m —2m 2m
OwWers —_— —_— —_
3 3 10
2m
Wy = % wop X 10 wop X (—10) wop X 3
SU(t) — i ejwolot i e—gwolot _'_1 6jwo?)t
27 27 2
~— —— ~—
Do D_qo D3
) . Tanl ) )
Iz 1z 1z 12
~10 -3 0 3 10 g
T 2D,
2
y ‘ t Ir T T T T 10
~10 3 0 ; l n
—T

—2m
10

wo X (—3)

1 .

- —Jwoe3t
+2 e
~—
D_3
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Fourier Series

Example: Find Fourier series of the following signal and plot D,;s.

zr(t) = -2+ Sil’l(%) + 2008(3)



Fourier Series

Example: Find Fourier series of the following signal and plot D,;s.

27t t
(t) = —2 + sin(“) + 2 cos(=)
3 9
Solution:
First we find the period of the signal
2T = k.27 To = 3k 2
30T 0T L LOMof B & 18) = Th =18 = wy = — = —
§T0 = k2.27'(' T() == 18k2 18 9

Now, write the Euler expansion of the given signal:

- 29T - T - T
—e I3t eJolt f eIt
t) = -2+ +2
x(t) > 5

= 24 —¢l ——,e‘j%ﬂt—l—ej%t—e_j%t
2) 2j

— _2 + _eij.Gt _ ieij.(—G)t + eijt + ej(—wO)t
2] 2]



Fourier Series

z(t) = -2+ i'ejwoﬁt _ i.ejwo-(—@t 1 edwol o ed (—wo)t

27 27

Important note:

For a real signal:

D .
1Dn |D,,| is always even.
/D, is always odd.
¢ 2
1 1 1
12 ] ] * 1
-6 1 1 6 .
4D,
T
Py e
2
* I ° ° :
—6 0 n

| o
) ~—
|4
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Fourier Series

Summation of periodic signals with fundamental frequencies w; and ws is peri-

odic only and only if 5—; is a rational number. For example 2—77: = 2 is rational

5
and 2?7’ = 2?7’ is not rational!



Fourier Series

More complicated examples:

x(t)

Ty —T, —To ~To+T;y —Th 0 T; Ty—-T To To+ T,

Find and plot the Fourier series of the above signal with period Tj.

1 . 1
Dn=7 z(t)e™ 7o dt = 2sin(wonT
" TO <Tp> CdonTQ ( 0 1)
— i h 1 e—jwontdt o E Sin(WOHTl)
Ty - TO WOnTl
—jwont | T1 T
:_ie- = 2L sinc(wonTy)
Ty jwont |_p, Ty




sin(wTy) .
: : = sinc(wT;
Fourier Series (wTy) (@T1)
[~ I~ g
—21 -n L3 21
T, Tn T, T,
22 (T
T—Osmc(w 1)
D, = Q%Sinc(wonTl) I ]
) 1./ \f \l $° )
—2 21 2(1)0
—a)o— TO 0)0 = T_O B 471_
T
Dy,

ol
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I
2 —sinc(wTy)
To

Fourier Series

D, = 2%Sinc(w0nT1)

_w___ZT[ W _2_7r 2wg
Ty TT, i
Dy Ty
*ﬂ‘Jill , ,
| Dy
ﬁujh e,
-11 2 n

/(D) is zero for positive values of D,,
and is 7 (or equivalently —7) for negative values of D,,
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Fourier Series

x(t)

When Ty = w/2:
0

_To_f =T —Ty +g

—_— e \‘/T

—2
When T =

- =Ty —To+nm -7 T To—m Ty To+m
sin(wm ) -
(wm)
N\ N
~—_—_—F N—
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Trigonometric Fourier Series and Exponential Fourier Series

o0
x(t) = E Dy e?*ont (Exponential Fourier series)
7 —0o0

CIZ(t) — DO"‘Dleijt + D_le—ju.)ot _|_ D26j2w0t + D_2e—j2th _|_ Dgej?)wot + D_3€—j3th + C. .

Ve

"~
.

Vo
o\

o\

z(t) = ap+ a cos(wot) + by sin(woty +as cos(2wot) + b sin(2wot3 +as cos(3wot) + b3 sin(Swoti

.

Ve

eju)ot + e—ijt ejwot . e—jwot A
Euler ( 5 )+ b1 ( 5 ) ( Dy = ag
formula J Do4AD . —
- C for >0 {Da=gply s TnT o
a1 b1y guer 91 b1y et or n n =7 T g b
" 2 27
Simple Example:
x(t) = cos(wot)
Trigonometric FS: apg=0,a1 =1,a0=0,....b, =0, Vn
1 1
Exponential F'S: Dy=0,D; = i’D_l =3



