Signals and Systems I

Topic 11

Laplace Transform



Fourier Transform and LTIDE

LTIDE < h(t)

\> FT of h(t) /

Reminder: H(jw)
What is the output of the following system to x(¢)?
dy(t) | . dy(t) da(t)
dy(t) = —2L — 6z(t
e O T = =g —bel)

First you need to find A(t) that is the “impulse response” of this system and
the output is y(t) = x(t) * h(t).

Alternative approach using the FT is to first find H(jw) from the equation
and then calculate inverse FT of H(jw)X (jw) which is y(t).

This method can be used for cases where M (order of highest derivate of input)
is even greater than N (system order that is the order of highest derivative of
output):

What is A(t) impulse response of this system?

dult) +4y(1)

_dPx(t) | da(t)
dt B *

dt dt

— 6x(t)



Laplace Transform

Fourier Transform provides a linear combination of e/“!s for a signal:
1 [ ,
x(t) = —/ X (jw)e?dw
2 J_

Laplace Transform is an extension of this method and finds correlation of e®!
where s = 0 + jw (in FT s = jw only), with the signal.

00 . 00
X(]w) _ / :C(t)e_j‘”tdt extension to Laplace) X(S) _ / x(t)e_Stdt

— o — 0
N J N S
' '

s=jw s=jw+o

1 > . it extension to Laplace 1 etoo ¢
z(t) = — X (jw)e?“ dw > r(t) = — X (s)e*ds ,
27 oo 27-(-] o0 set ¢ to zero and its F'T

~
s=c+jw, c 1s a constant

Similar to F'T, Laplace is a linear operation.
‘Why Laplace?

31'1(?5) — Xl(S
Qfg(t) — XQ(S
axy(t) + bxs(t) — aXi(s) + bXo(s)

) Many signals don’t have FT
) but have Laplace Transform!

DOEO



Laplace Transform

Fourier Transform provides a linear combination of e/“*s for a signal:

1 > -
x(t) = %/ X (jw)e?* dw

Laplace Transform is an extension of this method and finds correlation of et

where s = 0 + jw (in FT s = jw only), with the signal!

X(jw) _ / :L'(t)e_jwtdt extension to La.place> X(S) _ / Zl’,’(t)e_Stdt

A e N 7

s=jw S=jw+0'

@D Soosan Beheshti, Ryerson University



Region of Convergence (ROC) of Laplace Transform

Set of s values in complex plane that makes the integral of X (s) converge.

Example: z(t) = e~ “u(t), a > 0. Find X (s) & its ROC.

X(s) = / ety (t)e="tdt — / o~ (ats)t gy
0

B 6—(a+s)t o0 B e—(a+s)oo N 1
- (a+s)|, —(a+s) a+s
e—(ats)t . e—(atotjw)t

im ——— = lim &~
tingo—(aJrs) = —(a+s)

e—jwte—(a—l—a)t

= lim
t—o0 —(a + s)

e 7*" is a complex number, |e7/**| = 1 for all .

e (ato)t {O a+o0 >0 converges (ROC)
= lim —— =

00 a+ o0 <0 does not converge

= ROC ={“s=0+jw’ suchthat c +a > 0= 0 > —a}

Im

ROC

Re

z(t) = e “u(t), a>0 =

ROC= {s, Re{s} > —a, a > 0}

If s = jw is in ROC then FT exists



Laplace Transform & ROC

Example: x1 () = e™*fu(t)

Find Laplace and ROC for the following signals:

X(s) = [T_z(t)e~stdt ¥

x,(t) = —e 2tu(—t)

x5 (t) = e?tu(—t)




Laplace Transform & ROC

x,(t) = e 2tu(t)

1 e~ (24s)00 ¥

Xi(s) = —Ft gy =

1(8) /0 € 2—|—S+ —(2—|—S)
N—_————
0 iff 240>0

Im

ROC={s| Re{s} > -2} — Xi(s) = ROC

1
2+s

Re

*Note: Direction of the dashed area of ROC
is the same as direction of the signal in time.



Laplace Transform & ROC

0 0
Xo(s) = / —e e dt = —/ e~ CFtgy -

— 00 — 00

_e—(2+s)t |0 1 e~ (2+s5)(—00)
- —_— —_ _|_
—2+s)|_ o (2+5) —(2+s)
00 24+0c>0
Xo(s) = —— . Ref{s} < —2
p— S pr—
218 2—|—S’ €

Laplace is the same as that of x1(¢), only ROC is different!

x,(t) = —e 2tu(—t)

s = jw is not in ROC. Signal doesn’t have FT.



Laplace Transform & ROC

0 0
X3(s) :/ e*te st dt :/ ety

1 o (2—5)(c0)
2-s) (2—9)

— o0

o (2-5)(00) _

0 2—0>0—ROC = Re{s} <2
00 2—0<0

Re{s} <2

x3(t) = e?tu(—t)

ROC

Re

2

s = jw is in ROC. This noncausal signal has FT.



Laplace Transform & ROC

Im

x,(t) = e 2tu(t)

ROC \K
Xo(s) = 2—}FS, Re{s} > —2 5 Re
X%, (t) = —e 2tu(—t)
¢
Xo(s) = 2J1FS, Re{s} < —2
—2 Re /
x3(t) = e**u(-1)
ROC
XB(S) — Qisa RG{S} <2 Re J
2

D) Soosan Beheshti, Ryerson University



Laplace Transform & ROC

Example:
Find X (s) for e7@* a > 0.

z(t) = e~ = e7 %y (t) + eu(—t)
X(s) =2 (e " u(t)) +.Z (e”u(-1))

ROC (X(s)) = ROC{Z (e~ *u(t))} N ROC{Z (eu(—t))}

1

a-+ s
1

a—Ss

e “u(t) Z, , Re{s} > —a

e u(—t) ER , Re{s} <a

1 1 2a
X f— —
(5) a-l—s+a—s a? — s2

t

e—at

Im

ROC
Re

D) Soosan Beheshti, Ryerson University



Laplace Transform & ROC

Left sided, Right sided or double sided signals and their ROC

e % u(t)

Right sided

Left sided

~ ot

Im

ROC

Rei

Re

(7))

/

Two sided t

\

Bounded signal in time
with finite values

ROC

Converge for all s

Re

Re



Laplace Transform & ROC

Example:
Find x(t) for the following X (s).

1 1
— —= —2
X(s) 3+2+s—|—3’ ROC = {s| Re(s) > —2}

z(t) = e 2u(t) + e Stu(t)



Laplace Transform & ROC

Example:

Find z(t) for the following X (s).

1

X(s) =

z(t) = e 2u(t) + e Stu(t)

e 2tu(t)

+
s+ 2

Re

ROC = {s| Re(s)> —2}

—e 3tu(t)

Re

e 2tu(t)

Re



Laplace Transform & ROC

Example:
Find z(t) for the following X (s).

1 1
X —
(5) s+2+s+3’

ROC = {s| —3 < Re(s) < -2}



Laplace Transform & ROC

Example:

Find z(t) for the following X (s).

1 1

X(s) = +

s+2 s+3’

ROC = {s| —3 < Re(s) < —2}

Signal has to be two-sided
z(t) = —e *u(—t) + e u(t)

—e 2tyu(—t)

Re

e 3tu(t)

Re

Re

Without ROC there are more than one option for the inverse of the Laplace

transform.

DOEO



Laplace Transform & ROC

Example:
Find possible x(t)s with the following Laplace transform:

1
(s+2)(s+3)

X(s) =

Use P.F.E

a_ b 1
s+2 s5+3 (s+2)(s+3)

X(s) =

3 b 2)=1—
a(s+ )+ (S+ ) {Sets:—2:>a:1

1 —1

X —
(S) 3+2+3+3

set s=-3=b= -1

Possible ROCs for

o |
O
—2 Re
i (@
i e u(—1) |
| —2 Re ;

©

Possible ROCs for

S B |
O
E -3 Re E
i (b)
i etu(~t) |
E -3 Re i

@



Laplace Transform & ROC

Case 1: (a) & (b): '

0.9

Intersection: Re{s} > —2 zj
0.6
0.5
04 x(t) = e 2tu(t) — e 3tu(t)
0.3
0.2

Re 01 /\
o 4

Case 2: (a) & (d):

Re

-3 =2

No intersection, so this is a signal that has no Laplace transform!



Laplace Transform & ROC
Case 3: (b) & (c):

Intersection: —3 < Re{s} < —2 1 05 //1 15 2 25
-0.5

x(t) = —e 2tu(—t) — e 3tu(t)

(@]

Re

-3 -2
Case 4: (c) & (d):
Intersection: Re{s} < —3

x(t) = —e 2tu(—t) + e 3tu(—t) w0
100
80
60

40
Re 2




Laplace Transform & Fourier Transform

FT is a Laplace transform that is calculated for s = jw.

Im

s=jw

Re

Therefore a signal has FT only if ROC includes the jw axis! Therefore, Not
all signals have FT.

Question: Go back to the previous example and indicate which signal has FT?



Laplace Transform & ROC

Example:
Find x(t) with the following X (s):

X(s) = Sfj;iiQ and ROC' : Re{s} > —1 (Right sided signal)




Laplace Transform & ROC

Example:
Find z(t) with the following X (s):

X(s) = 2545 and ROC Re{s} > —1 (Right sided signal)

s24+35+2
Solution:
2(s*+3s+2)+1—6s 1 — 6s
X(s) = = 2
(5) s2 4+ 35+ 2 +32+35+2
1 —6s a b 1 —6s
PFE = + =
<82—|—3S—|—2> (s+1) (s+2) (s+1)(s+2)
1—6
a = i =7
S+ 2 =1
1—
p— L= 08 =13
s+ 1 e

z(t) = 26(t) + Te tu(t) — 13e**u(t)



Laplace Transform Properties

Linearity az1(t) + bza(t) — aXi(s) + bXa(s) Bilateral Laplace Transform:
Time Shift z(t —t9) — e %X (s) X(s) = foo p(t)e—stdt

Frequency shift z(t)e®" — X (s — s9)

dx(t
Detivative %—)SX(S)

d"x(t)
dt™

/t p(t)dt — éX(s)
Scaling  z(at) — %X(Z
x1(t) * x2(t) = X1(s)Xa(s)

Higeher Order Derivative — "X (s)

21(t) X 2a(t) — %Xl(s) ¥ Xa(s)



Laplace Transform Properties

Linearity axq(t) + bxa(t) — aX1(s) + bXa(s)
Time Shift z(t —t9) — e %X (s)
Frequency shift z(t)e®! — X (s — s0)

dx(t
Detivative % — sX(s) —x(0)

d™x(t
Higeher Order Derivative dg;fl ) — 8" X(s)=>7_ s"F

¢ 1

/ z(t)dt — —X(s)
oo s

) 1 s

Scaling z(at) > —X(=) a>0
a a

ZBl(t) * xg(t) — Xl(S)XQ(S)

21(t) X @a(t) — QLXI(S) ¥ Xo(s)

s

Initial value Theorem x(0) = lim,_, o, X (8)

Final value Theorem z(oc0) = lims_,o s X (s)

Bilateral Laplace Transform:

X(s) = [T x(t)e stdt

oo

Unilateral Laplace Transform:

X(s) = [, z(t)e stdt

2k — 1)(0)

Unilateral Laplace is used for Causal signals
and causal systems to deal with initial conditions.



Laplace Transform Properties

Example:
h(t) = o(t = 3)
H(s) = / §(t — 3)e dt
= e“35/ §(t — 3)dt
1
— 6—35
Example:
e =38 1
X — — —3s
(s) . S xe

Delay of u(t) by 3 or
Integral of 6(t — 3)

Useful Laplace Transforms:

e~ cos(bt)u(t) maplace, (S+ZJ)F2Q+b2
6(t) —

Laplace
— 1

Example:
1 a b
X = S
(s) s(s+5) s+s+5’
1 1
a = _ —
S+0|,g O
1 —1
b - — = —
Sl _5 5
1
x(t) = gu(t) e tu(t)

ROC = Re{s} >0



Laplace Transform Properties

Example: Alternatively use:

2(t) = e~ 2 cos(gt)u(t)

s—sg’

g (€5 eI |
—° 2 u(t) - e®hu(t), so = ag + jwo — X1(s) = 2=, ROC = Re{s} > ag

1 n 1 }
[(s—Jj%)+2 (s+j%)+2
s+j5+2+s—j5+2 ]
L[(s—45)+2][(s+ %) + 2]
2s + 4 }
(s +2)—5Z][(s+2) +5Z]
s+ 2 s+ 2

(s+2)2+(5)? s2+4s+(4+ )

N|= N N




Laplace Transform Properties

Example:
Write Y (s) as a function of X (s).

x(t)




Laplace Transform Properties

Example:
Write Y (s) as a function of X (s).

y(t) x(t)
2 T /\ 1
t t

Solution:

[\
N
~~
[
|
—_
~—
|
<
~
~
~—
l~<
~~
N
~—
I
1\
©
»
N
—~
Va)
~—
|
[\
ml
¥}
.
~~
V)
~—



Laplace Transform Properties

Example: Write Laplace transform of x5(¢) as a function of X (s).

x(t) x2(t)

2
1 7 1 /\
i 2

1 2 t 1 |2.533.54 t
_1 |




Laplace Transform Properties

Example: Write Laplace transform of x5(¢) as a function of X (s).

x(t) x2(t)

2
i 2

1 2 t 1 I 25 3 35 4 ¢
-1 | dx(t)

xo(t) = + 2x(2t — 5)
= d
Xao(s) = sX(s)+22Z (x(2t — 5))
dx(t) 20 =x(2t)  2(t—2.5) = x(2(t - 2.5)) = x(2t — 5) = sX(s) + 2.7 (2(t — 2.5))
“ — X (5) + 2¢7 252 (2(1))
1 1 1 /\ = sX(s) + 2e72%5.ZL (x(2))
2 1 .s
1 _ —2.5s © e
» _’ 3 4 t 05 1 t 1 2 253354 ¢ sX(s)+ 2e 2X(Q)




Laplace Transform

Example:

The input and output of a casual LTI system respectively are: x(t) = e~ u(t)
and y(t) = te"'u(t). Find H(s), Laplace transform of the impulse response h(t)
and show its ROC.



Laplace Transform

Example:

The input and output of a casual LTI system respectively are: x(t) = e~ tu(t)
and y(t) = te*u(t). Find H(s), Laplace transform of the impulse response h(t)
and show its ROC.

Solution:
Laplace of impulse response of an LTI system is also
Y( 8) known as Transfer Function of the system.
y(t) =xz(t) * h(t) = Y(s) = X(s)H(s) = H(s) = X0s)
1
t)=e?tu(t) » X(s) =
2(t) = ¢ Hult) > X(s) = — 5
1
— 4t —
y(t) =te ‘u(t) - Y(s) = e m
1
Y(s) G _ s+2
H(S) = = =
X(s L 54+ 1)2
() oy D) s
Since the LTI system is casual, h(t) is right hand signal, therefore . Re
ROC: Re{s} > —1 -

@oee Soosan Beheshti, Ryerson University



Laplace Transform

Example:
LTI system has transform H(s) =

input with Laplace transform X (s)

s—1

VA

+17

S

s+

what is y(t) output of this system to

1-



Laplace Transform

Example:
LTI system has transform H(s) = i

input with Laplace transform X(s) = -35.

s—1what is y(¢) output of this system to

Il %

Solution:
s—1 s s(s—1)
Y(s)=H X(s) = =
() (8) x X(s) s—|—1xs—|—1 (s+1)2

2 —3s—1 . a n b
s+1  (s+1)2

- =1 =
s2+2s+1 +32—|—23—|—1

b= (s+ 1)2}/((9)‘82_1 =2

d
‘s ((S " 1)2Y(S)) |8=—1 = (25 - 1)| _ =3 Another method: 2
Y(s)= ot = — s
(s+1) (S + 1)2 (8 n 1)2
D et N
(2 (te=tu(t))) (& (te=tu(t)))

= Gil(e™! —teu(t)] — te'3(t) + (e~ — te~")u(?)
() + (2te™" — 3e~")u(t)

CESEA
y(t) = 0(t) — e "u(t) + 2te " u(t) y_(%)



Laplace Transform

Cascade
| Hy(s) Hy(s) -
| Hi(s)Hy(s) ”
Example:
1 e—SS s H(S)
s+1
Z(s)
e—Ss
] -
s+1

—5s

s+ 1

s+1

() Soosan Beheshti, Ryerson ‘niversity



Laplace Transform

Parallel Hy(s)

Hy(s)

T Hi()HH(s) |

Example:
1 1
H = ——, H = —
1(s) s+2—4j 2(5) s+ 2+ 45
1 1 s+24+4j+s+2—-4j 2s+4
H(S): _ -+ - = 2 -\ 2 = 2
s+2—45 s+24+4j (s+2)% — (49) (s +2)2+16

_ L
e~ cos(bt)u(t) = (ST'Z“)LQ‘ZFT

2(8 + 2) Inverse Laplace _9¢
TR > 2e” " cos(4t)u(t)

H(s) =



Laplace Transform

Example with zero & pole:

2
H(s) = 2
s+ 3
1 w(t)
x(t) T3 s+2 — y(t)
All pol; system All zer}cl) system
3 = W)
hy(t) = etu(t) : 8 Xty L
2(t) = Lw(t) + 3w(t) s+3

hy(8) = 8'(t)+ 26(¢) : w(t)




Laplace Transform

x@® | h@® | y(©®

a(t) = e*! y(t) = H(sg)e®o!

Only for sps that are in ROC of H(s), otherwise the output is infinity!

Example:

z(t) = C (Constant) = y(t) = C x H(j0)



Laplace Transform

x@® o k) | y@®

_ sot
z(t) = eSo? y(t) = H(so)e™
Only for sps that are in ROC of H(s), otherwise the output is infinity!

Note that e®°’s are eigenfunctions of Laplace Transform!.

Difference between e*°! and its causal part eS0tu(t), sop = ag + jwo:

psot Laplace, 5(s — so) esoty(t), Laplace, X (s) = 3—1307ROC = {s| Re{s} > ap }
ROC = {s| Re{s} = Re{so} = ap} m
SoX
ROC
o0 Re




