Assignment 3 Solution

1. Solution for Q1:
From Y = a/X, we have

dy o @
dx 2 N
and y )
dy| _ |y !
therefore,
a a
when a > 0 frly) = 7fX <> (1)
Yy Y
a a
when a < 0 fr(y) = Y Ix () (2)
Yy Yy
2. Solution for Q2:
Since Y = cX?2,
d
Y _ 2cx and two roots at xr; = \/g, Ty = — Y
dx c c
Therefore,

1

frly) = ;fo(%) Y (fx(\/z) + fX(_\/g))

B fX(\/%)‘l‘fX(_\/%) (3)
= NG

e

while

while implies 0 < y < ca®. Therefore,
C1/2a+1/2a 1

= 0<y< ca’
fr(y) N NG y <ca
3. Solution for Q3:
1 22
fx(@) = —-e€27 andY = g(X)=5X"
2mo

e8] o0 1 22 00 1 22
EY:/ T xdx:/ 5x2 e_mdx:S/ 2 € 22 dr = 5o =45
V)= [ f@fxade= [~ 5t N ;

The last integral is the variance of zero mean Gaussian RV, we can obtain the result of the

integral directly without integration.



4. Solution for Q4:

(a)

P(X=-1)=P=-1)=; P =1)=Pc=-1)+PE=1)=
while )
P(X=-LY=1)=PE=-1)=:
therefore,
P(X:—l)P(Yzl):; § 77&13( LY = 1)
hence, X and Y are dependent RVs.
(b)
=Y z;P(z;) Z@ &)=—-(-1-1/24+0+1/24+1)=0
=2 uiP (i) 252 51+1/4+0+1/4+1)_1/2
EXY] =) ayP(z,y) = 253 1 (-1-1/840+1/8+1)=0

Since E[XY| = E[X]- E[Y], X and Y are uncorrelated RVs.

. Solution for Q5:

Since,
X, =Z,—al,_1 la| <1

E[Z,] =0 E|Z.Z;]=0 E[72] =
We have,

R.(k) = FE[X, X, k| =E[(Z,— aZp1)(Znt — aZp_11)]
= E[Znank —alnLy——1 — 0Lp1Lp_k + a2Zn71ank71]

R,(0) = E[Z% - 2aZy 1Zy+ a*Z>_, = (1 + a®)o?

Ry(=1) = R,(1) = E[Z,Zp1 — aZpZpo — aZ2 |+ a*Zp 1 Zp_y = —ac?

When k > 1, the expectation of each term in (4) equals zero. Therefore,

(1+a®)e? k=0
Ru(k) ={ —ao? k=41

0 0.W.



6. Solution for QG6:
To find the constant ¢, we apply [ [% f(z,y)dedy =1

00 00 2 r1 2
/ / f(x,y)dxdy:/ / c:cydxdyzg/ ydy = c¢
—o0 J—o0 0o Jo 2 Jo

therefore, ¢ = 1. To calculate P(A), we write

= [ [ @y dedy

we use polar coordinates, using x = rcosf and y = rsin@, and dx dy = rdr df,
/2 rl 1 /2
:/ / r2sin90050rdrd9:/ r3dr/ sin@ cosfdf =1/8
0 0 0 0

7. Solution for Q7:
First, find the constant c,

/ / xydmdy—/%/crdraw—l

Therefore, ¢ = 1/m. The probability that the distance from the origin is less than x is

2T T
/ / 1/7 - rdrdf =x2
o Jo

8. Solution for Q8:
Proof:

Px <] = [ [ px@frt)dedy= [ [ Fx(a)f ) drdy
= [ v [ x@dedy = [ f@)Fx()dy

9. Solution for Q9:

Proof:
EIXY] = BIX]E[Y] = jxpy
E[X? =p% +0% and E[Y? =} +o0i
therefore,
E[(XY)’] = E[X?]- E[Y?] = (ux + 0%)(155 + o)
hence,

Var(XY) = E[(XY)?’] - B*[XY] = (uk + 0%) (U3 + 0v) — ux iy = ox0y + pyox + px oy
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10.

11.

12.

Solution for Q10:
Let RV.U =X +Y and V = X — Y, then the joint moment generating function is

@(wl,wg) = E(eunu + 6«)21}) — E (6‘UIX+W1Y+w2X—w2Y>

- B (e(w1+w2)X+(w1*w2)Y)

since X and Y are independent Gaussian ~ N (u, 0?), therefore,

b(wy,wy) = FE [e(‘”1+‘“2)x } -E [e(‘”l_”)y}
o2 (w1 + wy)?
2
0% 2w} L o - 2w§]
2 2

(20%) - wi

= exp |pu(ws + wa) + ] - exp [u(wl —woy) +

= exp |2uw; +

= exp -2,uw1+
= D(wy) - D(wn) (6)

where we have applied the fact that U ~ N(2u,20?%) and V ~ N(0,20?%). From (6), we can
obtain the result that U and V' are independent.

Solution for Q11:

(a)
Oy, (w;) = ®(0,0,---,0,w;,0,---,0)

with w; in the ith place, and all others to be 0.
(b) If independent, then the joint CF is

B [eijin} =F [ejlel el Xz } = HE [6jwixi] = H(I)Xi(wi) (7)

On the other hand, if the above is satisfied, then the joint CF is that of the sum of n
independent random variables, and the ith of which has the same distribution as X;. As

the joint CF uniquely determines the joint distribution, the results follows.

Solution for Q12:

It is easy to see that Y takes values only in the interval (9/11,9/9) =(0.8182,1), as shown in
Fig.1. Therefore, the value of the distribution function, Fy (v), is zero for v < 0.8182 and is
1 for v > 1. What happens between these two values can be inferred from the figure, where

a line of a value of v = 0.918 is shown, so that we see that for Y to fall below this value,

4
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the value of Y has to be higher than 9/v, a point obtained by finding the inverse value of

the function 9/X. The resulting distribution function is obtained as follows:

Fy(v)=P ()9( < v> —p (X > i) — (11-9/0)/2=55—45/v 08182 <v<1

and
Fy(v) =0, v <0.8182, orv > 1

The CDF of Y is shown in top figure in FIg.2. The density function of Y is obtained by
taking the derivative of the distribution function; for the values in the range (0.8182,1), it

has the expression:
fr(v) =45/v*, 08182 <wv<1

and is zero elsewhere, as shown in the bottom figure in Fig.2. It is interesting to note that
even though X is uniformly distributed in the interval (9,11), the resulting current is not

uniformly distributed.

, Y = 9/X
1.05

0.95
0.9
0.85
0.8

Y =9/X
———u = (918

Figure 1: Y as a function of X, and a line showing one value of v (figure for Q12).

13. Solution for Q13:

(a) when v < —a, we obtain no value of Y, since Y takes values only between —a and +a,
which implies
Fy(v)=P(Y <v)=0 v< —a

(b) Similarly, when v > +a, all values of Y will fall below the value of v, which means

Fy(v)=P(Y <v)=1 v>+a
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Figure 2: The probability density function and cumulative distribution function of Y (figure for

Q12).

(¢) When —a < v < +a, we have the following relation for the probability (note that a is
positive here):

Fy(v)=P(Y <v)=P(aX <v)=P(X <v/a) = Fx(v/a) —a<v<+a

Differentiate the CDF of Y, we obtain the value of the pdf of Y in the interval (—a,+a) as

U?

1
a4 = ——"F7—§¢ — —a<v<+a
/ a0.5v21 Xp{ 2(a0.5)2}

Note that the pdf is valid only for values of Y inside the interval (—a,+a). Also, since we

have a jump in Fy(v) at v = —a and v = +a, Y has a mixed distribution. The value of the
jumps may be obtained from

fr(v) = fx(v/a)

P(Y = —a) = Fy(—a) — Fy(—a~) = Fx(—a/a) — 0 = Fx(—1) = &(—2) = 0.0227

and
PY =a)=Fy(a)—Fy(a")=1—Fx(a/a) =1—Fx(1) =1—-®(2) =1-0.9773 = 0.0227

14. Solution for Q14:
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The pdf of Cauchy RV X with parameter « is give as

fx(x>=@f+% oz <o

The corresponding CF of X is given as
Py (w) = e ol
Similarly, the CF of Y with parameter [ is given as
Oy (w) = e Pl
Since X and Y are independent, the CF of the sum RV Z = X + Y is
Py(w) = Px(w) - By (w) = e~ @+Al

which is a CF of a Cauchy RV with parameter o + (3, therefore, the cdf of Z is given as
(a+8)/m

fZ(Z):(z2+(a+5)2) —00< 2 <00






